Rules for integrands of the form (d + e x?)” (a + b ArcSinh[cx])"

1. J(d+ex2)" (a+bArcsinh[cx])"dx when e=c?d

dx when e==c?d

] J~(a +bArcsinh[cx])"
J(a +bArcSinh[cx])"
x:

Vd+ex?

dx when e==c?d

Derivation: Piecewise constant extraction and integration by substitution

Basis: If e == c? d, then 6y Vit g

A/ d+e x?
Basis; ElArcsinhicx]] fSubst[F[x] » X, ArcSinh[c x]] 8xArcSinh[c x]

1+c? x?

Note: When n =1, this rule would result in a slightly less compact antiderivative since [+ bx) "ax returns a sum.

Rule: If e == c? d, then

(a+bArcsinh[cx])" V1+c2x?
j dx — —Subst[j(a +bx)"dx, x, ArcSinh[c x]]
Vd+ex? cVd+ex?

Program code:

(* Int[(a_.+b_.*ArcSinh[c_.x_])"n_./Sqrt[d_+e_.xx_"2],x_Symbol] :=
1/c*Simp [Sqrt[1+c 2xx"2]/Sqrt [d+exx"2] ] *Subst[Int[ (a+bxx)~n,x],X,ArcSinh[c*x]] /;
FreeQ[{a,b,c,d,e,n},x] && EqQ[e,c”*2xd] =*)



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

1
1: J dx when e =c?d
Vd+ex? (a+bArcSinh[cx])

Derivation: Piecewise constant extraction and integration by substitution

Basis: If e == c? d, then 64 Vi g

\ d+e x?
Rule: If e == c? d, then
1 Vi+c?x?
dx — ————— Log[a + bArcSinh[cx] ]
Vd+ex? (a+bArcSinh[cx]) bcVd+ex?

Program code:

Int[1/(Sqrt[d_+e_.xx_"2]«(a_.+b_.*ArcSinh[c_.*x_])),x_Symbol] :=
1/ (bxc) »Simp [Sqrt [1+c 2xx"2] /Sqrt [d+ex"2] ] xLog[a+bxArcSinh[cxx]] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd]



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

(a+bArcsinh[cx])"
2: J dx whene==c>d A n#-1

d+ex

Derivation: Piecewise constant extraction and integration by substitution

Basis: If e == c? d, then 64 Vi@ g

A/ d+e x?
Rule:If e == c2d A n £ -1, then
(a+bAr'cSinh[cx])n V1+c2x? -
dx — (a+bArcsinh[cx])"™
Vd+ex? bc(n+1) Vd+ex?

Program code:

Int[(a_.+b_.*ArcSinh[c_.#x_])"n_./Sqrt[d_+e_.xx_"2],x_Symbol] :=
1/ (bxc* (n+1) ) »Simp [Sqrt [1+c 2xx*2]/Sqrt [d+e+x"2] ] » (a+bxArcSinh[cxx])~ (n+1) /;
FreeQ[{a,b,c,d,e,n},x] & & EqQ[e,c”*2xd] && NeQ[n,-1]



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

2. J(d+ex2)p (a+bArcsinh[cx])"dx when e=c*d A n>@

1: J(d+ex2)p (a+bArcsinh[cx]) dx when e=c?’d A pez*

Derivation: Integration by parts

Rule:If e == c?d A p e Z", let u= [(d+ex?)?ax, then

j(d+ex2)P (a+bArcsinh[cx]) dx — u (a+bArcSinh[cx]) —bcjédlx

V1+c?x?

Program code:

Int[(d_+e_.xx_"2)"p_.(a_.+b_.*ArcSinh[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (d+e*x"2)"p,x]},

Dist[a+bsArcSinh[c#x],u,x| - bxcxInt[SimplifyIntegrand[u/Sqrt[1+c”2+x"2],x]1,x]|] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c*2xd] && IGtQ[p,9]

2. J(d+ex2)p (a+bArcsinh[cx])"dx whene=c?’d An>0 A p>0

1: J“\/d+ex2 (a+bArcsinh[cx])"dx when e==c*’d A n>@

Derivation: Inverted integration by parts
Note: The piecewise constant factor in the second integral reduces the degree of din the resulting antiderivative.

Rule:If e == c2d A n > 0, then

J\/d+ex2 (a+bArcsinh[cx])"dx —



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

xVd+ex? (a+bArcSinh[cx])" bcnVd+ex? Vd+ex? (a+bAr‘cSinh[cx])n

- x (a+bArcsinh[c x])"’1 dx +

2 2V1+c2x? 2V1+c2x? V1+c2x?

Program code:

Int[Sqrt[d_+e_.xx_"2]«(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=
x*Sqrt [d+exx"2] » (a+bxArcSinh[c#x])"n/2 -
bxc#n/2+Simp[Sqrt [d+exx2]/Sqrt[1+c 2xx 2] ] +Int [xx (a+bxArcSinh[cx])~(n-1),x] +
1/2+Simp [Sqrt [d+e+x"2] /Sqrt[1+c 2xx"2] ] *Int[ (a+b*ArcSinh[cxx] )"n/Sqrt [1+c”2#x72],x] /;
FreeQ[{a,b,c,d,e},x] &% EgqQ[e,c*2xd] && GtQ[n,Q]

2: J(d+ex2)p (a+bArcsinh[cx])"dx whene=c2d An>0 A p>0

Derivation: Inverted integration by parts and piecewise constant extraction

p
Basis: If e == c? d, then 64 Ldrex)” g

<1+c2 xz)p

Rule:lf e ==c2d A n>8 A p > 0,then
J~(d+ex2)p (a+bArcsinh[cx])"dx —

x (d+ex?)? (a+bArcsinh[cx])"

+
2p+1
2dp bcn (d+ex?)?

2p+1

J(d +e xz)'"'1 (a+bArcsinh[cx])"dx - jx (1+¢? xz)”‘; (a+bArcsinh[c x])"'1 dx

(2p+1) (1+c2x?)°

Program code:

Int[(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.xx_])"n_.,x_Symbol] :=

x# (d+exx"2) "px (a+bxArcSinh[cxx])~n/(2x+p+1) +

2xd*p/ (2#p+1) »Int [ (d+exx"2) " (p-1) * (a+b*ArcSinh[cxx])*n,x]| -

bxc#n/ (2+p+1) *Simp[ (d+exx"2) *p/ (1+c 2xx"2) "p] xInt [x* (1+C"2#x"2) ~ (p-1/2) » (a+bxArcSinh[cx])~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && GtQ[n,0] && GtQ[p,0]

dx



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

3. J(d+ex2)p (a+bArcsinh[cx])"dx whene=c?d An>8 A p<-1

dx whene=c2d An>0

.. J- (a+bArcsinh[cx])"

2
d+ex 3

Derivation: Integration by parts and piecewise constant extraction

Basis;: — 1 —— ==

1) X
(d+ex2)3/2 X d+/d+e x2

. . i -1
Basis: Oy (a + b ArcSinh[c x] )" == ben(asbArcsinhcx])®

V 1+c? x?
. 2 o2
Basis: If e == c2 d, then 5, Y12 __ g
V d+e x?
Rule: If e=c2d a n>e, then
J-(a+bAr'cSinh[cx])" x (a+bArcSinh[cx])" becnVi+c2x? x(a+bAr‘cSinh[cx])"'1
dx — - J dx
(d+ex?)?? dVd+ex? dVdsex? 1rc?x

Program code:

Int[(a_.+b_.*ArcSinh[c_.+x_])"n_./(d_+e_.*x_"2)"(3/2),x_Symbol] :=

x* (a+bxArcSinh[c+x])~n/ (d*Sqrt[d+exx"2]) -

bxcxn/dxSimp [Sqrt [1+c 2xx"2] /Sqrt [d+exx 2] ] xInt[xx (a+bxArcSinh[cxx])”(n-1) /(1+c 2#x~2),x] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[e,c”2xd] && GtQ[n,0]

2: J-(d+ex2)p (a+bArcSinh[cx])"dx whene=c?d An>8 A p<-1A p;é—%

Rule: If e==c2d Anse A p<-1A p¢_§,then

~I-(d+ex2)p (a+bArcsinh[cx])"dx —



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

X (d+ex2)'°"1 (a+bArcsinh[cx])" .

2d (p+1)
2p+3 bcn (d+ex?)P
p—)rJ‘(d+ex2)p+1 (a+bArcsinh[cx])"dx+ (d+ex) x(1+c2x2)p+§ (a+bAr‘cSinh[cx])"'1dlx
2d (p+1) 2(p+1) (1+c*x?)P

Program code:

Int[(d_+e_.*x_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=

-X* (d+exx"2) ~ (p+1) * (a+b*Ar'cSinh [c*X] ) "n/(Z*d* (p+1)) +

(2#p+3) / (2%dx (p+1) ) *Int [ (d+exx"2) ~ (p+1) » (a+b*ArcSinh[cxx])~n,x] +

bxcxn/ (2% (p+1)) *Simp [ (d+exx2) Ap/ (1+C"2#x"2) Ap] *Int [Xx (1+C 2%x"2) ~ (p+1/2) * (a+bxArcSinh[cxx] )~ (n-1),x] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c*2xd] && GtQ[n,0] && LtQ[p,-1] && NeQ[p,-3/2]

dx when e==c?>d A nez*

4 J-(a +bArcsinh[cx])"

d+ex?

Derivation: Integration by substitution

Basis: If e == c2 d, then d+;x2 ==~ Subst [Sech[x], x, ArcSinh[c x]] dxArcSinh[c x]

Note: If nez*, then (a+bx)"sech(x] is integrable in closed-form.

Rule:If e == c2d A n e Z*, then

(a+bArcsinh[cx])" 1
J dx — — Subst[J(a +bx)" Sech[x] dx, x, ArcSinh[c x]]
d+ex? cd

Program code:

Int[(a_.+b_.+ArcSinh[c_.+x_])"n_./(d_+e_.*x_"2),x_Symbol] :=
1/ (cxd) »Subst [Int[ (a+bxx) ~“nxSech[x],x],X,ArcSinh[c*x]] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd] && IGtQ[n,0]



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

3. J(d+ex2)p (a+bArcsinh[cx])"dx when e=c*d A n<-1

1: J(d+ex2)p (a+bArcsinh[cx])"dx whene==c?d A n<-1 A (pez Vv d>0)

Derivation: Integration by parts

Basis: (atbArcSinh[cx)" __ 5 (a+b ArcSinh[c x])™?
: == Ox

142 x2 bc (n+l)

Rule:lf e==c2d An<-1 A (pez V d>0),then

J(d+ex2)" (a+bArcsinh[cx])"dx —

d® (14 c2x2)P*s a+bArcSinh[cx])™ cdP 2p+1 1
( )P ) . (2p+1) JX (1+c2x?)"7 (a+bArcsinh[cx])™ dx
bc (n+1) b (n+1)

Program code:

(» Int[(d_+e_.#x_"2)"p_.x(a_.+b_.*ArcSinh[c_.x_])"n_,x_Symbol] :=

dApx (1+C"2%x"2) ~ (p+1/2) » (a+b*ArcSinh[cxx] )~ (n+1) / (bxcx (n+1)) -

Cxd px (2xp+1) / (bx (n+1) ) xInt X (1+C 2%x"2) ~ (p-1/2) » (a+bxArcSinh[cxx])~ (n+1) ,x] /;
FreeQ[{a,b,c,d,e,p},x] &% EqQ[e,c”2xd] &% LtQ[n,-1] &% (IntegerQ[p] || GtQ[d,0]) =)

2: J‘(d+ex2)p (a+bArcsinh[cx])"dx when e=c?d A n<-1

Derivation: Integration by parts and piecewise constant extraction

(a+b ArcSinh[cx])" d (a+b ArcSinh[c x]) "1
== Ox

112 X2 bc (n+l)

ic- ) 2 42 o\p| ¢ (2p+1) x (dvex?)?
Basis: If e == c2 d, then 6y (\/1+c X (d+ex) ] - i

Basis:




Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

p
Basis: If e == c? d, then 64 ldext)” g

(1+c2x2>p -
Rule:If e == c2d A n < -1, then

J(d+ex2)p (a+bArcsinh[cx])"dx —

dx —

Vi1+c?x? (d+ex2)p(a+bAr‘cSinh[cx])n+1 c(2p+1) x(d+ex2)p(a+bAr‘cSinh[cx])n+1
bc(n+1) b+l Viiad
Vi+c2x? (d+ex2)p(a+bAr‘cSinh[cx])n+1 c(2p+1) (d+ex?)?

- jx (1+c? xz)p'; (a+bArcsinh[c x])n+1 dx
bc (n+1) b (n+1) (1+c2x2)p

Program code:

Int[(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.*x_])"n_,x_Symbol] :=

Simp [Sqrt[1+c”2xx"2] % (d+exXx"2) *p] * (a+b*Ar'cSinh [c*X] ) n (n+1)/(b*c* (n+1)) -

Ccx (2xp+1) / (b* (n+1) ) *Simp [ (d+exx"2) ~p/ (1+c*2xx"2) ~p] *Int [x* (1+c~2%xx"2) A (p-1/2) (a+b*Ar-cSinh [c*X] )" (n+1) ,x] /3
FreeQ[{a,b,c,d,e,p},x] &% EqQ[e,c”2xd] && LtQ[n,-1]

4: J‘(d+ex2)p (a+bArcsinh[cx])"dx when e==c?d A 2pez*

Derivation: Piecewise constant extraction and integration by substitution

p
Basis: If e == c? d, then 64 {dvex?)” 0

(1+c2x?)?

Basis: (1 + c? xz)p - ﬁ Subst {Cosh [, % N }ZP”

X
b
Note: If 2 p € Z*, then x"cosh[-2 + 2]?** [s integrable in closed-form.

Rule:If e ==c2d A 2p e Z*,then
(d+ex?)?

j(d+ex2)p (a+bArcsinh[cx])"dx —» ———
(1+c2x?)P

I(l +c?x?)P (a+bArcsinh[cx])" dx

» X, a+bArcSinh[cx] | Ox (a+bArcSinh[c x])



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

(d+"—‘X2)p a  Xq2p+l
_ Subst[Jx" Cosh[—— + —] dx, X, a+bArcSinh[c x]]
bc(1+c?x?)P b b

Program code:
Int[(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.xx_])"n_.,x_Symbol] :=

1/ (bxc) *Simp[ (d+exx*2) *p/ (1+c*2xx"2) ~*p] *Subst [Int [x*nxCosh[-a/b+x/b]” (2xp+1) ,Xx],X,a+bxArcSinh[c*Xx] ] /3
FreeQ[{a,b,c,d,e,n},x] && EqQ[e,c”2xd] && IGtQ[2xp,0]

2. -J-(d+ex2)" (a+bArcsinh[cx])"dx when e#c’d

1: J(d+ex2)p (a+bArcsinh[cx]) dx whene#c*d A (pez*V p+§eZ‘)

Derivation: Integration by parts
Note:If pe Z*V p + % € Z~,then f(d+ex?)?axis a rational function.

Rule:if e # c*>d A (pez"V p+2ez),letu-[f(d+ex) ax then

J‘(d+ex2)p (a+bArcsinh[cx]) dx — u (a+bArcSinh[cx]) —bcj;dlx

V1+c?x?

Program code:

Int[(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.xx_]),x_Symbol] :=

With[{u=IntHide[ (d+e*x"2)"p,x]},

Dist[a+bsArcSinh[c#x],u,x]| - bxcxInt[SimplifyIntegrand[u/Sqrt[1+c”2+x"2],x]1,x]] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[e,c”2xd] && (IGtQ[p,0] || ILtQ[p+1/2,0])

10



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

2: J(d+ex2)p (a+bArcsinh[cx])"dx whene#c’d A pezZ A (p>0 V nez*)

Derivation: Algebraic expansion

Rule:lf e c2d ApeZ A (p>0@ V nez"),then

J(d +ex?)? (a+bArcsinh[cx])"dx — J (a+bArcsinh[cx])" ExpandIntegrand| (d + e x*)”, x] dx

Program code:

Int[(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.xx_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcSinh[c#x])"n, (d+exx"2)~p,x],x] /;
FreeQ[{a,b,c,d,e,n},x] && NeQ[e,c”2xd] && IntegerQ[p] && (p>0 || IGtQ[n,0])

u: J(d +ex?)? (a+bArcsinh[cx])"dx

Rule:

I(d+ex2)p (a+bArcsinh[cx])"dx — J(d+ex2)p (a+bArcsinh[cx])"dx

Program code:

Int[(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.xx_])"n_.,x_Symbol] :=
Unintegrable[ (d+exx"2) “p* (a+bxArcSinh[c+x])"n,x] /;
FreeQ[{a,b,c,d,e,n,p},x]

11



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

Rules for integrands of the form (d + ex)P (f + gx)9 (a + bArcSinh[c x])"

1: j(d+ex)p(f+gx)q (a+bArcsinh[cx])"dx whenef+dg=0 A c2d*+e? =0 A (p|q)ez+% ApP-qz0 Ad>0 A §<0

Derivation: Algebraic expansion

Basis:If ef +dg =0 A c*d*+e’=0 A d>0 A & <0,then

(d+ex)P (f+gx)9 = (—%)q (d+ex)P (1+c*x?)?

Rule:if ef+dg=0 A c*’d*+e?==0 A (p|Qq) eZ+%/\p—q20/\d>0/\ £ <9, then

d2g)a
j(d+ex)p (f+gx)? (a+bArcsinh[cx])"dx — [——g] f(d +ex)P9 (1+c?x*)? (a+bArcSinh[cx])" dx
e
Program code:
Int[(d_+e_.xx_)"p_*(f_+g_.*x_)"q_x(a_.+b_.*ArcSinh[c_.+x_])~*n_.,x_Symbol] :=

(-d~2xg/e) ~qxInt[ (d+exx) ~ (p-q) » (1+c 2%x2) ~q* (a+bxArcSinh[c+x] ) n,x] /;
FreeQ[{a,b,c,d,e,f,g,n},x] && EqQ[exf+d+g,0] && EqQ[c 2xd"2+e~2,0] && HalfIntegerQ[p,q] & GeQ[p-q,0] 8&& GtQ[d,0] && LtQ[g/e,0]

2: j(d+ex)"(f+gx)q (a+bArcsinh[cx])"dx whenef+dg=0 A c?d*+e?==0 A (p|q)ez+§ ApP-qz0 A - (d>0 A §<0)

Derivation: Piecewise constant extraction

ic _ 2 42 2 __ (d+ex)9 (f+rgx)4 __
Basis:If ef +d g ==0 A c®d” + e =0, then o L)t

Rule:if ef+dg=0 A c*d*+e*=8 A (p|q) €Z+2 AP-q=0 A - (d>0 A B <), then

12



Rules for integrands of the form (d+e x~2)~p (a+b arcsinh(c x))™n

(d+ex)? (f+gx

(1 +c? xz)q

q
J(d+ex)" (f+gx)? (a+bArcsinh[cx])"dx — ) J‘(d+ex)"‘q (1+c*x*)% (a+bArcsinh[cx])" dx

Program code:

Int[(d_+e_.xx_)" p_*(f_+g_.*x_)"q_x(a_.+b_.*ArcSinh[c_.*x_])~*n_.,x_Symbol] :=
(d+exx) Aqx (F+g*x) Aq/ (1+c 2xx"2) Aq+Int [ (d+exX) A (p-q) * (1+C 2xx"2) Aqx (a+bxArcSinh[cxx])*n,x] /;
FreeQ[{a,b,c,d,e,f,g,n},x] && EqQ[exf+d+g,0] && EqQ[c2x+d"2+e~2,0] && HalfIntegerQ[p,q] & GeQ[p-q,0]
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